
Complex Analysis

First Exam - January 17, 2012
Part I - Duration: 90 minutes
(One of the questions is optional)

1. Let T (z) = az+b
cz+d

be a Möbius transformation.
(a) Prove that if T (∞) ∈ C, then Res∞T = ad−bc

c2
̸= 0; and that if T (∞) = ∞,

then Res∞T = 0.
(b) Show that, in both cases, the sum of the residues of T at all poles of T , plus
the residue at ∞ is zero.
Note: The residue at ∞ of a function f(z) holomorphic in a region of the form
{z ∈ C : |z| > R}, R > 0 is defined by Res∞f = Res0g, where g(z) = − 1

z2 f(1
z
).

2. Let f be a meromorphic function in C and at ∞.
(a) Show that f is a rational function, that is, it can be written as f(z) =

p(z)/q(z) where p(z) and q(z) are polynomials.
(b) Prove that the difference between the degree of p and that of q is precisely
equal to −ord∞f .

3. Let Ω be a region in the complex plane. Show that H(Ω) is an integral domain.
More precisely, show that if f, g ∈ H(Ω) and f(z)g(z) is the zero function, then
f(z) or g(z) is the zero function. For two regions Ω1, Ω2, is H(Ω1 ∪ Ω2) neces-
sarily an integral domain? Justify.

4. Let γ : [0, 1] → C be a closed polygonal curve (i.e, obtained from the concatena-
tion of a finite number of distinct line segments and with γ(0) = γ(1)). Assume
that no segment is traced twice and let A = C \ {γ}.
(a) If A1 and A2 are distinct components of A and z1 ∈ A1, z2 ∈ A2 show that
I(γ, z1) ̸= I(γ, z2).
(b) Prove the Jordan curve theorem for polygonal curves. More precisely, as-
suming that γ is a closed and simple polygonal curve, show that A = C \ {γ}
has exactly 2 connected components.

5. Let p(z) = 4zn − (z2 + αz + 1) with α ∈ R and n ∈ N.
(a) Show that, with α ∈]− 2, 2[⊂ R, all of the roots of p(z) are in the open unit
disc.
(b) With α = 0, compute 1

2πi

∮
|z|=π

h′(z)
h(z)

dz where h(z) = p(z)
z(4z2−1)

.
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Part II - Duration: 90 minutes
(One of the questions is optional)

1. (a) Find an explicit conformal transformation f(z) between the half strip U :=

{z ∈ C : ℜz < 0, 0 < ℑz < π} and the unit disc. (it is enough to determine f

as a composition of explicit maps).
(b) Consider the regions V := {z ∈ C : |z| < 1 ∧ |z − 1

2
| > 1

2
} and W := {z ∈

C : 1
2

< |z| < 1}. Are they conformally equivalent? Is V or W conformally
equivalent to D? Justify.

2. Show that u is harmonic in a region Ω if and only if it satisfies the property of
mean value in discs contained in Ω, that is, if for any z ∈ Ω and disc D(z, r)

completely contained in Ω, the function u verifies:

u(z) =
1

πr2

∫
D(z,r)

u dx dy,

where dx dy denotes the usual Lebesgue measure in the plane.

3. Let g be a meromorphic in C with only simple poles and such that Reszg is an
integer ≥ 1 for all z ∈ P , where P ⊂ C is the set of poles of g. Show that there
exists an entire function f such that g = f ′/f . [Suggestion: Use Weierstrass
factorization theorem to obtain h ∈ H(C) such that g − h′

h
is also entire.]

4. Let h(z) be an even elliptic function relative to a lattice Λ.
(a) Suppose that the set of poles of h is Λ. Show that h(z) = a0 +a1℘(z)+ · · ·+
an℘(z)n, for appropriate constants a0, ..., an ∈ C.
(b) If the poles of h are not necessarily in Λ, show that there are polynomials p

and q such that h(z) = p(℘(z))
q(℘(z))

.

5. Let f(z) =
∑∞

n=0 z2n .
(a) Show that f ∈ H(D) and that f cannot be analytically continued through
the points of the form zk,m := e2−mπik ∈ ∂D, for m, k ∈ N.
(b) Does f admit an analytic continuation to a region strictly containing D?
Explain.
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