
ALGEBRAIC TOPOLOGY

FIRST EXAM - JUNE 23, 2016

(Write the solution to five out of the six)

All topological spaces are assumed to be finite CW complexes. Consider base points

when needed.

(1) Let Σg be a closed orientable surface, of genus g ≥ 0.

(a) Prove that if there is a covering map p : Σg → Σg of degree d > 1

(cardinality of p−1(x) for x ∈ Σg) then g = 1 (Σ1 is a torus T 2). Conversely,

show that there are covering maps Σ1 = T 2 → T 2 of any degree d > 1.

(b) Show that, for every g, n ≥ 1 there are injective homomorphisms

π1(Σn(g−1)+1) → π1(Σg). [Hint: find a suitable covering of Σg]

(2) Let X and Y be topological spaces, and X ∨ Y their wedge sum (union with

identification of one point).

(a) Prove that π1(X ∨ Y ) and π1(X × Y ) are, respectively, the free product

and the cartesian product of π1(X) and π1(Y ).

(b) Assume that π1(X) and π1(Y ) are abelian. Show that the morphism

f∗ : π1(X ∨ Y ) → π1(X × Y ),

induced by the natural inclusion f : X ∨ Y → X × Y is the abelianization of

π1(X ∨ Y ) (i.e, f∗ is surjective and its kernel is the commutator subgroup).

(3) Let X = {(x, y, z) ∈ R
3 : (x2 + y2 − 2)(x2 + z2 − 1) = 0} ⊂ R

3 (the union

of 2 cylinders in R3 of different sizes and orthogonal axes). Compute all the

homology groups Hk(X) = Hk(X, Z), k ≥ 0.

(4) Let Y ⊂ X be a retract of X.

(a) Prove, for every k ≥ 0, that there exists a decomposition Hk(X) ∼= Hk(Y )×

Ak for some abelian group Ak.

(b) Give examples of pairs (X, Y ) with Ak non-zero, for some k ≥ 0 (Note: Y

is only a retract of X, not a deformation retract).

(5) Given a map f : S2n → S2n prove that there is some point x ∈ S2n such that

either f(x) = x or f(x) = −x. Deduce that every self map on a even real

projective space RP 2n → RP 2n has a fixed point. Does a self map of an odd

real projective space has necessarily a fixed point?

(6) Let M be a compact differentiable manifold.

(a) Suppose there exists ω ∈ Z1(M) (closed 1-form) without zeros. Show that

H1
dR(M) 6= 0.

(b) Suppose M is non-orientable of dimension 3. Show that H1
dR(M) 6= 0.
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(1) Let X be a topological space and f : X → X a homeomorphism. Denote by

Cf the mapping cone of f , defined by ...

(2) Let f : C• → D• be a chain map between two chain complexes and Cf be the

mapping cone of f

(3) Let a = (a1, a2, · · · , ak) be a sequence of positive integers, in increasing order,

so that 1 ≤ a1 ≤ a2 ≤ · · · ≤ ak, and let CP a := CP a1 × · · · × CP ak .

(a) Show that the Poincaré polynomial of CP a is P (t) =
∏k

j=1
1−t

2aj

1−t2
.

(b) Prove that if CP a is homotopy equivalent to CP b, for b = (b1, · · · , bm) ∈

Nm, and 1 ≤ b1 ≤ · · · ≤ bm if and only if a = b (in particular k = m)

(4) Denote by χ(X) the Euler characteristic of a topological space X.

(a) Let p : Y → X be a covering map with degree n (i.e, p−1(x0) is a set with

n elements for every x0 ∈ X). Prove that χ(Y ) = nχ(X).

(b) Let E → B be a covering map with E contractible, B connected, and a

finite set F as fibre. If the cardinality of F is greater that 1, prove that B is

not a finite CW complex.


